HARDY SPACES RELATED TO SCHRODINGER OPERATORS WITH 
POTENTIALS WHICH ARE SUMS OF lAFUNCTIONS 



JACEK DZIUBANSKI AND MARCIN PREISNER 

Abstract. We investigate the Hardy space H L associated to the Schrodinger operator L — 
— A + V on R", where V = ^j- We assume that each Vj depends on variables from a 

linear subspace V,- of R", dim Vj > 3, and Vj belongs to L q (Yj) for certain q. We prove that 
there exist two distinct isomorphisms of H\ with the classical Hardy space. As a corollary we 
deduce a specific atomic characterization of H L . We also prove that the space H\ is described 
by means of the Riesz transforms 1Zl,i = <9iL~ 1//2 . 



Keywords: Schrodinger operator, Hardy space, maximal function, atomic decomposition, Riesz 
transform. 

1. Introduction and main results 

In the paper we consider a Schrodinger operator on W 1 given by 

Lf(x) = -Af(x) + V(x)f(x), 

where A denotes the Laplace operator. During the whole paper we assume that the potential 
V satisfies: 

(Ai) there exist Vj > 0, Vj ^= such that 

d 

V(x) = '£ t V j (x), 
i=i 

(A2) for every j G there exists a linear subspace Vj of W n of dimension nj > 3 

such that if Ily . denotes the orthogonal projection on Vj then 

Vj(x) = Vj(TL Yj x), 

(A3) there exists k > such that for j = 1, d we have 

Vj e L r (Wj) 

for all r satisfying \r — n,j/2\ < k. 

Denote by K t = exp(-tL) and P% = exp(tA) the semigroups of linear operators associated 
with L and A respectively. Let Kt(x,y) and Pt(x — y) denote the integral kernels of these 
semigroups. The Feynman-Kac formula implies that 

(1.1) < K t (x,y) < P t (x -y) = (47ri)" n/2 exp (-\x - y\ 2 /4t) . 
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Let Ml and M A be the associated maximal operators, i.e., 

M L f(x) = sup\K t f(x)\ M A /(x) = sup|P t /(x)|. 

t>0 t>0 

The Hardy spaces H L (M. n ) and i? A (R n ) are the subspaces of L l (R n ) defined by: 

/ G Hl(R n ) M L / G L^R"), / G ff A (R n ) M A / G L 1 (E n ) 

with the norms: 

ll/ll//i(R«) = IIMl/||li(k»), = WMaIWl 1 ^)- 

Clearly the space H^(R n ) is the classical Hardy space fl" 1 (M n ) (see [9]). The goal of the paper 
is to prove some characterizations of the space H L (M. n ). 

Denote by L -1 and (— A) -1 the operators with the kernels T(x,y) = / °° K t (x,y)dt and 
Fo(x -y) = J °° P t {x - y) dt. Clearly, 

(1.2) < f K s (z, y) ds < F(z, y) < T (z - y) = C\z - y\ 2 ~ n . 

J o 

We shall see that operators I — VL~ l and / — V IS.' 1 are bounded on L 1 (]R n ) and give the 
following characterization of the Hardy space H L (R n )- 

Theorem 1.3. Assume f G L 1 (M n ). Then f belongs to Hl(R n ) if and only if (I - VL~ l )f 
belongs to the classical Hardy space iT A (R n ). Moreover, 

ll/lltfi(R") ~ ~ VL " )/llff^(R»)- 

We define the auxiliary function oo by 

u(x) = lim / K t {x,y)dy. 

H* 00 JR" 

The above limit exists because, by (1.1) and the semigroup property, the function 1 1— >• Kfl(x) 
is decreasing and takes values in [0, 1]. Clearly, for every t > 0, 

(1.4) co(x) = Ktv(x) = K t (x,y)oo(y)dy. 

Jr" 

We shall prove that there exists 5 > such that 5 < ui(x) < 1 (see Proposition 2.14). We are 
now in a position to state our second main result. 

Theorem 1.5. Let f G L 1 (M n ). Then f belongs to H L (R n ) if and only if oof belongs to 
H^(R n ). Additionally, 

ll/lli?i(R") ~ ll w /llf^(R™)- 

From Theorem 1.5 we get atomic characterizations of the elements of H L (M. n ). We call a 
function a an oj-atom if it satisfies: 

• there exists a ball B = B(y,r) such that suppa C B, 

• ||o||oo < 

• f Rn a(x)oj(x) dx = 0. 

Corollary 1.6. If a function f belongs to Hj^iW 1 ) then there exist a sequence of uj- atoms 
and a sequence At G C such that YlT=i \^k\ < oo, f = X^fcLi ^k a k, an d 

oo 

ll/llffi(K») ~ 

k=l 
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For i = 1, ...,n denote by di the derivative in the direction of the i-th canonical coordinate 
of W 1 . For / E L 1 (M n ) the classical Riesz transforms 1Za,i are given by 

/■ £_1 dt 

K A J = lim / diP t f-=. 



Similarly we define the Riesz transforms T^l,% associated with L by setting 

dt 



n Lii f = lim / diK t f- 

Je y/t 

We shall see that the last limits are well-defined in the sense of distributions and they char- 
acterize H^W 1 ) in the following sense. 

Theorem 1.7. An ^(W 1 ) -function f belongs to Hl(R n ) if and only ifK L ,if belong to L 1 (M n ) 
for i = 1, Additionally, 

n 

ll/llifi(B«) ~ II/IIli(k») + ^2 II^WIUhk™)- 

i=l 

Hardy spaces associated with semigroups of linear operators and in particular Schrodinger 
semigroups attracted attention of many authors, see, e.g., [1], [2], [3], [4], [5], [8] and references 
therein. The present paper generalizes the results of [6] and [7], where the spaces H^W 1 ) 
were studied under assumptions: V > 0, suppy is compact, V E L r (M n ) for some r > n/2. 
Obviously such potentials V satisfy the conditions (A\) — (A3). To prove Theorems 1.3, 1.5, 
and 1.7 we develop methods of [6] and [7]. 

2. Auxiliary lemmas 

In the paper we shall use the following notation. For z E W 1 and a subspace Yj of IR n we 
write 



z = z. 



+ Zj, Zj = Thfjiz), Zj = II v x(z), nj = dimVj" = n — rij. 



Notice that if Yj = W 1 , then , in fact, there is no Vj~ in fact. 

The relation between Pt and Kt is given by the perturbation formula. 

(2.1) Pt = K t + [ P t ^ s VK s ds. 

Jo 

The following two lemmas state crucial estimates that will be used in many proofs of this 
paper. 

Lemma 2.2. There exists A > such that 

(2.3) sup \\V(-)\ ■ -y| 2 - n+ l^ (R «) < C for r E [1, 1 + A] and p E [-A, A]. 



Proof. It suffices to prove (2.3) for V = V\. For fixed y E W 1 we have 

n^oi . -,1—11^, < c / vi i ^^JS™:^.^ ***. 
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Observe that if A > is sufficiently small, r £ [1, 1 + A], and /U £ [—A, A] then 
(\z x - yi \-^- n+ ^ + |2i - ^l-Ka-n+M)) -1 dSl 

( 2 - 5 ) < C / \z X - yi |K2-n+M) ^ + C f \z x - ytfP-n+ti dz X 

J\z\-y\\>\z\-yx\ J\z\-y\\<\z\-y\\ 
< C\zi - yi \r(2-n+»)+rii _ 



Thus, by (2.5), 



\\Vi(-)\ • -y| 2 - n+ ir L , ( M,) <c / ViWW - wl 



r(2-n+At)+na ^ 

l*i-Wi|<l 



(2.6) + C/ ^i(zi) r |zi -j/ir( 2 - n+ ^ +ni dzi. 

J|zi-J/l|>l 

Note that by (A 3 ) there exist £, s > 1 such that V{ £ L'(Vi) n L S (V X ) and 

x { | Z1 i<i } (^i)Nir (2 - n+M)+ " 1 e ^'(Vx), x{i, 1 |> 1 }(^i)kir (2 - n+M)+Hi g ^ s '(Vi) 

for r £ [1, 1 + A] and /i £ [—A, A] provided A > is small enough. Thus (2.3) follows from the 
Holder inequality. □ 

Corollary 2.7. The operators I — V A~ l and I — VL~ l are bounded on L 1 (M n ) and 

(2.8) (I-VL~ 1 )(I-VA- 1 )f = (I-VA- 1 )(I-VL~ 1 )f = f for f £ L 1 (R n ). 

Lemma 2.9. There exists a, e > such that for s £ [1, 1 + e] and R> 1 we have 

(2.10) sup/ y(z) s |z-y| s ( 2 - n )(iz < CRT*. 

Proof. It is enough to prove (2.10) for V = V x . Fix q > 1 and e > such that ni/g(l+e) — 2 > 
and Vi £ L«( 1+£ )(Vi) n L«(Vi) (see (A3)). Set a = m/g - 2. For s £ [1, 1 + e] we have 

/ Vi(z) s |z - y\< 2 ^ dz< [ X {\z-y\>R}(z)V x (zY\z x - y x \< 2 ^ dz 

J\z-y\>R J \zi-yi\>\zi-yi\ 



+ / x\ z - y \>R(z)v x (zy\z x -y x \ s( - 2 ^dz 

(2.11) =T(R) + S(R). 

If \zi — 2/1 1 > |ii — yi| and \z — y\ > R > 1, then |zi — y x \ > R/2 > 1/2. Thus, 
T(R) <C I \ Z1 - yi \ n - ni V x (z x y\z x - y x \ s ^ dz x 

J\z 1 -y 1 \>R/2 

(2.12) < CllViHi,.^) ( / k - yi |( s ( 2 - n )+"-^' tfo^ = Ci?- CT . 
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Similarly, if \z\ — y\\ < \z\ — y\\ and \z — y\ > R > 1, then \z\ — y\\> R/2 > 1/2 and 



S{R) <C f 

J\zi- 



■yi\>R/2 



L s i(R n i) 



dz\ 



pi - yi 



s(2-n) 



dz\ 



\z\-y\\<\z\-y\\ 



(2.13) 



< C 



\Z1 ~ y^-^+'^/l' dz X = CRT". 



\zi-yi\>R/2 



□ 



We shall need the following properties of the function u similar to those that hold in the 
case of compactly supported potentials (c.f., [6], Lemma 2.4). 

Proposition 2.14. There exist 7,<5 > such that for x,y G W 1 we have 

(a) \uj(x) - u(y)\ < C 7 |x - y| 7 , 

(b) 5 < u(x) < 1. 

Proof. The property (a) can be proved by a slight modification of the proof of (2.6) in [6]. 
Indeed, thanks to (1.4) and < u(x) < 1, it suffices to show that there is C, 7 > such that 
for \h\ < 1 we have 

(2.15) / \K 1 (x + h,y)-K 1 (x,y)\dy<C\h\\ 

To this purpose, by using (2.1), it is enough to establish that 



E 



(P s (x + h- 2) - P s (x - z))Vj(z)K 1 - s (z, y) dz ds dy < C\hp. 



Consider one summand that contains V\. Utilizing the fact that P s (x) = P s (xi)P s (xi), where 
P s (xi) and P s (xi) are the heat kernels on Vi and Yj^ respectively, we have 

■1 



dy 



(2.16) 



< 



< 



(P s (x + h-z)-P s (x- z))V 1 {z)K l . s {z, y) dz ds 
\P s (x + h- z) - P s (x - z)\Vi(z) dz ds 

P s (xi + hi — z\)\P s {x\ + h\- z\) - P s (xi - zi)\V\(zi) dz ds 

+ / / P s (x 1 - z 1 )\P s (x 1 + hi - zi) - P s (x\ - Zi)\Vi(zi) dzds 
Jo JR n 

By taking q > n\j2 such that V\ € L 9 (Vi) and using the Holder inequality we obtain 



/< / IIP, 



(2.17) 



+ 



'0 \JN 1 

<ca/iip+|fc 1 n, 

which finishes the proof of (a). 



'si^hi'idx^W^i^h^dz!) I t \Ps(xi +hi- zi) ~ P s (xi - zx)\ dzi ds 

l/q' 

\P s ( Xl +hi- Zl) - P s ( Xl - Zl)\ q dz X ) ||yi(^l)|| 
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Next we note that 

(2.18) K t (x, y)>0 for t > and x, y £ R n . 

The proof of (2.18) is a straightforward adaptation of the proof of [6, Lemma 2.12]. We omit 
the details. 

Our next task is to establish that there exists 5 > such that 

(2.19) u(x) > 5. 

The proof of (2.19) goes by induction on d. Assume first that we have only one potential V\, 
that is, d = 1. Then, K t (x,y) = (x\, y\)Pt(x\ — yi), where IQ (x\,y\) is the kernel of 
the semigroup generated by A — V\{x\) on Vi and Pt{x\) is the classical heat semigroup on 
V^. Hence uj{x) = loq(xi), where ojo(x\) = lim^oo L k\ {x\,y\)dy\. Therefore, there is 
no loss of generality in proving (2.19) if we assume that Vi = W 1 . If we integrate (2.1) over 
W 1 and take the limit as t — > oo, then we get 



y\ 2 ~ n . 



(2.20) 1-uj(x)= V(y)T(x,y)dy, where T(x, y) < C\x 

By (^4 3 ) and the Holder inequality we can find t, s > 1 such that V £ L*(R n ) n L s (R n ), 
X{| a; |<i}(x)|x| 2 " n £ L*'(]R n ), and X {\x\>i}{x)\x\ 2 - n £ L s '(R n ). Thus (2.20) leads to 

(2.21) lim / V(y)\x - y\ 2 ~ n dy = and lim u(x) = 1. 

\x\— >oo JJJ'l >oo 

The equation (1.4) combined with (2.18) and (2.21) imply that w(x) > for every x £ W 1 . 
Since u is continuous (see (a)) and lim^^^u^x) = 1, we get (2.19). 

Using induction, we assume that (2.19) is true for V being a sum of d — 1 potentials. Take 
V = V\ + ... + Vj,. As in the case of d = 1, we can assume that lin{Vi, V^} = M n . Consider 
the semigroup {S t }t>o generated by - A + V 2 + ... + V d . Let u\(x) = km^oo / Rn S t (x,y)dy. 
By the inductive assumption oj±(x) > 8±. Similarly to (2.20), the perturbation formula 

S t = K t + I S t - S V!K S ds 



o 



implies 

(2.22) Si < < u(y) + C f V^z - y\ 2 ~ n dz < u{y) + C f V^Zt - Vl \ 2 ~^ dz h 

where the last inequality is proved in (2.5). If y± — > oo then the integral on the right hand 
side of (2.22) goes to zero. Hence, u{y) > S\/2 provided \y±\ > R\. We repeat the argument 
for each V-j, Vd instead of V\ and deduce that there exists R, 5 > such that ui(x) > 5 for 
\x\ > R. Consequently, by using (1.4), (2.18) and continuity of to we obtain (2.19). □ 

3. Proof of Theorem 1.3 

By (2.1) we get 

(3.1) K t -P t (I-VL- 1 ) = Q t -W t , 



where 



rt f'OO 

W t = / (P t - S - P t )VK s ds, Q t = / P t VK s ds. 
Jo Jt 
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Let 



d d « 

W t (x,y) =y2w t {j) (x,y) =V/ / (Pt- a (x-z)-Pt(x-z))Vj(z)K 8 (z,y)dzd8, 

i= l j=1 -/0 

d d ,. 

Q t (x,y) =VQ t 0> (x,y) = V / P t (s,z) / V^)tf s (z,y) dsdz 

1 T T - , JR™ 



be the integral kernels of Wt and Qt respectively. In order to prove Theorem 1.3 it is sufficient 
to establish that the maximal operators: / i— > sup t>0 \Wtf \ and / h-> sup t>0 \Qtf \ are bounded 
on L 1 (M n ). The proofs of these facts are presented in the following four lemmas. 

Lemma 3.2. The operator f i— > sup i>2 |Wf/| is bounded on L 1 (IR n ). 

Proof. It suffices to prove that 



sup / sup | Wt(x, y)\ dx < oo. 

ySR n JR™ t>2 



Without loss of generality we can consider only W t (x,y). For < f3 < 1, which will be 
fixed later on, we write 

W t {1 \x,y)= ft (P t - s (x-z)-P t (x-z))V 1 (z)K s (z,y)dzds 



o 



= f •••+ f ...=Fi(x,y;t)+F 2 (x,y;t). 
Jo JtP 

To estimate F\ observe that for t > 2 and s < t@ < t there exists (j) £ 5(]R n ) such that 
(3.3) \Pt-s{x -z)- P t (x - z)\ < C S -^) t {x - z). 

Here and subsequently ft(x) = t~ n l 2 f(xj \f€) and S denotes the Schwartz class of functions. 
From (3.3) and (1.2), we get 



\Fi(x,y;t)\ <Ct~ l+ P / &(x - z)V^z)\z - y\ 2 ~ n dz. 

JR" 

Since sup t>2 t~ 1+p (t)t{x - z) < C(l + \x- z\)- n ~ 2+213 ', we have that 



sup / sup|Fi(x,y;t)|dx < C / V x {z)\z - y\ z ~ n dz < C, 

n Jr" t>2 



where the last inequality comes from Lemma 2.2. 
To deal with F2 we write 



F 2 (x,y;t)= I I P t ^ s (x-z)V 1 {z)K s (z,y)dzds- [ [ P t (x - z)Vl{z)K.(z,v) dz ds 

JtP JR n JtP JR n 

= F 2 {x,y\t) - F 2 (x,y\t) 

Observe that for s £ [t^ , t] we have 

(3.4) K s (z,y) < Ct^ n / 2 exp (-\z - y\ 2 /it) . 



Also 
(3.5) 



f P t - S (x - z)ds = j P s (x - z) ds < C\x - z\ 2 n exp (-\x - z\ 2 /ct) . 
Jo Jo 
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As a consequence of (3.4)-(3.5) we obtain 

F!,(x,y;t) <C [ r^ n l 2 \x - z\ 2 ~ n exp (-\x - z\ 2 /ct) Vi{zi) exp (-\z - y\ 2 /4t) dz. 

jR n 

Then, for e > 0, 

supt"' 3 "/ 2 exp (-\x - z\ 2 /ct) exp (-\z - y| 2 /4i) 

t>2 



< Csupt" 1 " 6 exp - z\ 2 /ct) ■ supi-^/ 2+1+£ exp (-\z - y\ 2 /4t) 

t>2 t>2 

< C (l + \x-z\)- 2 - 2e \z-y\ 2+2e -^. 



Consequently, 

sup [ svLpF^x,y;t)dx<C sup I [ \ X ~ ^ \z - yf+^-^V^z) dx dz 

y m n jr™ t>2 y m n jr" U + \x - z\ ) " r 

<Csup f {z-yf+^-^Viiz^dz. 
s/eR™ JR™ 

If we choose /3 < 1 close to 1 and e small, then we can apply Lemma 2.2 and get 

sup / sup F^(x, y; t) dx < C. 
ySR™ JR n t>2 

We now turn to estimate F^(x, y; t). Observe that for e > we have 

rt roo 

/ K s (z,y)ds<C / t- /3e s- n/2+£ exp(-|z-y| 2 /(4s)) ds < Ct~^\z - y\ 2 - n+2e . 
JtP Jtf> 

Then from Lemma 2.2 we conclude that 

sup / Bxq?F%(x,y;t)dx < C sup / / supt~^Pt(x - z)Vi(z)\z - y \ 2 ~ n+2e dx dz 

y<ER n JR n t>2 y£R™ JR n il" t>2 

<Csup / / (1 + \x- z\)- n - 2 ^V x {z)\z-y\ 2 - n ^ 2e dxdz 



n ./IB" ./TB'i 



< C sup f Vi(z)\z- y\ 2 ~ n+2e dz < C, 
yeR n Jr u 



provided e > is small enough. 

Lemma 3.6. The operator f \— > sup i<2 |Wf/| is bounded on L 1 (]R 7 ' 
Proof. It is enough to prove that 

sup / suplwf^l^oc. 

y&R" JR n t<2 



We have 

(P t - s (x-z)-P t (x-z))V 1 (z)K s (z,y)dzds= / ...+ / ... = F 3 (x,y;t) + F 4 (x,y; 

1 JO Ji/2 




'0 JR" JO Jt/2 

To deal with F% observe that for t < 2, s < i/2 we have 

|P t _ s (x - z) - P t (x - z)| < C&(x - z), 
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where 4> G S(W n ), 4> > 0. Therefore 



sup \F 3 (x,y;t)\ < Csup / <j> t {x - z^z^z - y\ 2 ~ n dz. 

t<2 t<2 JW 1 

Denote by the classical local maximal operator associated with cf>, that is, 

M°f(x) = su V \<p t *f(x)\. 

t<2 

Then 

sup\F 3 (x,y;t)\ <CM°y(x), 

t<2 

where £ y (z) = V\{z)\z — y\ 2 ~ n . We claim that 

(3.7) sup / sup \F 3 (x,y)\dx < C sup / M5 (f„) (x) dx < C. 
To obtain (3.7) we write 

oo 

fc=l 

where 

= Vl(*0I« - y\ 2 ~ n XB(y,2)(z), Cy,k( z ) = V l( z )\ z ~ V?^ XB{y^)\B{y,2^){ z ) i k > 1- 

From Lemma 2.2 it follows that there exists s > 1 such that 

(3.8) Bupp^i C B(y,2) and H^iH^n) < C < C\B(y, 2)\~ 1+1 / s . 
Consider ^ jfe for A; > 1. Set q < m/2 such that V\ G L 9 (Vi). Then 

supp^, fc C 5(y,2 fc ). 

(3-9) ||e»,fc||wCR») < C2 k ^\\V 1 \\ Lq( y l) 2 k ( n - n ^ < C\B(y,2 k )\- 1+1 ^2-P k , 

where p = n\jq — 2. Now, our claim (3.7) follows from (3.9), (3.8), and the classical theory of 
local maximal operators. 

It remains to analyze F± = — Fq, where 

F 5 (x,y;t)= / P t _ s (x- z)V 1 (z)K s (z,y) dz ds, 

Jt/2 JR n 

F 6 (x,y;t)= f [ P t (x - z)Vi(z)K s (z,y) dz ds. 

Jt/2 JR n 

Clearly, 

sup K s (z,y) < Ci _n/2 exp (-\z - y\ 2 /ct) . 
se[t/2,t] 

Therefore, for < t < 2 and < 7 < 1 close to 1 we get 

ft/2 r 

F 5 {x,y;t)<C / t~^P s {x - z)V x (z)r n l 2 ^ exp (-\z - y\ 2 /ct) dzds 
Jo Jm n 



<C / \x- z\ 2 - n t~^ exp (-\x - zf/ctjV^z-yl^ dz 
<C f \x-z\ 2 - n - 2 ^exp(-\x-z\ 2 /c') V x {z)\z-y\~ n+2 ^ dz. 
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Thus, by using Lemma 2.2, we get 

sup / sup F^(x,y;t)dx < C. 

To deal with Fq we observe that for < t < 2 and < 7 < 1 close to 1 we have 
F 6 (x,y;t)<C / tP t (x - z)Vi(zi)t^ n/2 exp (-\z - y\ 2 /ct) dz 

\x - z\ 2 ~ n ~ 2 ~ ( exp {-\x - z\ 2 /c') Vi(z)\z - y\~ n+21 dz 



and, consequently, 



sup / sup Fq(x, y; t) dx < C. 

ySR™ il" t<2 



□ 



Lemma 3.10. The operator f \— > sup t>2 \Qtf \ is bounded on L 1 (R n ). 
Proof. Notice that for e > and t > 2 we have 

e-n/2+e^ ( _\V ~ z \*\ d „ < mr*U, - ^~n+2e 



(3.11) J K s (z,y)ds<CJ s - £ s -"/ 2 + £ exp 4g ) ds < Ct~ £ \y - z 

It causes no loss of generality to consider only Q^'(x, y). If t > 2, then 

< Q { t\x,y) < C [ P t {x- z)Vi{z)r e \y- z\ 2 -' n+2e dz. 



Since sup t>2 t £ Pt{x — z) < C(l + \x — z\) n 2e , we find that 

sup/ supQl 1) (x,y)dx < C sup f [ {I + \x - z^-^V^y - z\ 2 ~ n+2£ dz dx 

(3.12) < C sup [ Vx(z)\y - z \ 2 ~ n+2£ dz < C. 

The last inequality follows from Lemma 2.2. □ 
Lemma 3.13. The operator f 1— > sup t<2 \Qtf \ is bounded on L 1 (R n ). 
Proof. The estimate J" t °° K s (z, y) ds < C\z — y\ 2 ~ n implies 

supQ t {x,y) < Csup / P t (x - z)V(z)\z - y\ 2 ~ n dz. 

t<2 t<2 JR" 

We claim that for fixed y € M n the foregoing function (of variable x) belongs to L 1 (IR n ) and 

sup / sup Qt{x, y) dx < 00. 

j/6R n 7r™ t<2 

The claim follows by arguments identical to that we used to prove (3.7). □ 
Now, Theorem 1.3 follows directly from Lemmas 3.2, 3.6, 3.10, 3.13. 
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4. Proof of Theorem 1.5 
Proof. Thanks to (2.20) and Proposition 2.14, for g £ L 1 (R n ), we obtain 

(I-VL~ 1 )(gM(x)dx= [ 44^" / / V(x)T(x,y)^-dydx 

J Rn u}(x) \J R nu(y) u){y) ) 

= / g(y)dy. 

JR" 

First, we are going to prove that 

( 4 - 2 ) II w /IIhX(IR") - H/llHi(K»)- 

Theorem 1.3 combined with (2.8) implies that (4.2) is equivalent to 
(4-3) |K/ - VA^/Wh^ < C\\f\\ Him . 

Assume that a is a classical (l,oo)— atom associated with B = B(yo,r), i.e., 

(4.4) suppaCB, ||a||oo < l^l" 1 , / a(x)dx = 0. 

Jb 

By the atomic characterization of H^(M. n ) the inequality (4.3) will be obtained, if we have 
established that b = uj(I - VA~ l )a E H^(R n ) and 

(4-5) IHItfi < C 

with a constant C > independent of a. 

By (2.8), a = (I - VLr^b/u). Hence, using (4.1) we get 

(4.6) / b{x) dx = 0. 

JR™ 

Proof of (4.5) is divided into two cases. 
Case 1: r > 1. Set 

oo oo 

b(x) = (b(x)-Ct)x2B(x) + ^2 ( b ( x )X2kB\2^B( x ) + C k -lX2^ b( x ) ~ Cfc^B^)) = ^2 b k( x ), 

k=2 k=l 

where 



c k = -\2 k B\~ 1 b(x)dx, fc = l,2,. 

J(2 k B) c 



'{2 k B) 

Here and throughout, pB = B(yo,pr) for B = B(yo,r). 
We claim that 

oo 

(4-7) ElNk(R«)<C- 

fe=l 



1/9 
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From Lemma 2.9 and Proposition 2.14 we conclude that there exists a > such that 
(4.8) 

\c k \<\2 k B\- x I V{x)\&- l a{x)\dx < C\2 k B\^ [ [ V(x)\x - y\ 2 - n \a(y)\ dy dx 

J(2 k B) c J(2 k B) c JB 

^C^B]' 1 [ \a(y)\ [ V(x)\x-y \ 2 ^ n dxdy <C\2 k B\^ 1 (2 k ry a . 
JB J(2 k B) c 

Note that suppfe^ C 2 k B and f^ n bk(x)dx = 0. Therefore (4.7) follows, if we have verified 
that there exists q > 1 such that 

oo 

(4.9) ^WbkWL^p'B^KC, 

k=l 

where C does not depend on a. 
If k = 1, then 

IM^OI < \ci\X2b{x) + \a(x)\ + V{x)\&- l a{x)\ X 2B{x) 

and 

||6i|| w(R ») <C\2B\~ l+l ' q + ^J^V{xy\&- l a{x)\Hx^j 
Notice that 

' r \ l /l d / r 

J VixyiA^aix^dxj < Cr2 \ B \^Yl^J V j( x ) Qdx ) • 

We can consider only the summand with V\. By the Holder inequality, 

r^r 1 ^ Vi{xfdx\ ^ < Cr 2 \B\- 1 r ni /^Vi\\ L , B( y l) r ni( - 1 - 1 / s ^ q 

= C\B\~ 1+1 ^ q r 2 ~ ni ^ SQ \ 
Choosing q, s > 1 such that V\ G L 9S (Vi) and 2 — n\j{qs) < we get 

(4.10) INIw(R») < Cl2J3|- 1+1 /«. 
For k > 1, by the definition of b^, we get that 

IIMw(r») < k-il^- 1 ^ 1 / 9 + 1^112^1^ 

From (4.8) we see that first two summands can be estimated by C\2 k B\~ l+l l q 2~ ka . Then it 
remains to deal with the last summand. By using Lemma 2.9 there exists a' > such that 
for q G (1, 1 + e] we have 

( f V(x)\x - y\ 2 - n \a(y)\dy) q dx] 

2 k B\2 k - 1 B \Jb J I 



\Li(2 k B\2 k - 1 B) - C 



(4.11) / , X 1 /? 

<C / y(x) 9 |x - y r (2_n) ^ <C(2 fc r)" CT ' 

yj(2 fc - i B) c y 

= c\2 k B\- l+llq (2 k r)- a ' +n - n,q < C\2 k B\~ 1+1/q 2~ kS 
provided that 5 = —a' + n — n/q > 0. 
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The estimate (4.9) follows from (4.10) and (4.11). This ends Case 1. 
Case 2: r < 1. Fix N £ NU {0} such that 1/2 < 2 N r < 1. Then 

JV 

b(x) =(a(x)u } (x)-c 0X B(x))+^2c Q \B\ (\2 i - 1 B\- 1 X2 i-i B (x) - \? B\~ Y X2 , B (x)) 

i=i 

N 

+ (b(x) - a(x)u(x) + c q \B\\2 n B\- 1 x 2 n b {x)) = d (x) + ^ d^x) + b'(x), 

i=i 

where 

i-i 



Co = |B| / a(x)ui(x)dx. 
Jb 

By using J B a = and property (a) from Proposition 2.14, we obtain 

(4.12) |co| < l^r 1 f \a(x)\\oj(x) - co(y )\dx < r 5 \B\-\ 

Observe that suppdo C B, f B do = 0, and ||do||oo < C\B\~ l . Similarly, for i = l,...,iV, 
suppdj C 2 l B, Jd l = and H^H^ < Cr^B]" 1 . Therefore 

N 

E II^H^(M«) < C + CNr S <C-Cr 5 log 2 r < C. 
j=o 

Denote B' = 2 N B. Obviously \B'\ ~ 1. To deal with b'(x) we apply the method from 
Case 1 with respect to B' , i.e., 

oo oo 

b' = (b'(x) - C 1 )X2B'(2 ; ) + E { b '( X )^B'\2^B'( x ) + ^fc-lXa^B' 0*0 ~ 4X2^'^)) = XX> 

fc=2 fc=l 

where 



4 = -I^S'I -1 / l/(x)dx. 

J(2 k B') c 

The arguments that we used in Case 1 also give 



(4.13) \c' k \<C\2 k B'\- 1 2- k °fork = l,2,... and ]T \\b' k \\ Him < C. 

k=2 

It remains to obtain that 

(4-14) l|&'ill^ (R «) < C. 

It is immediate that supp b' x C 2B' and f 2B , 6^ = 0. Also, 

(4.15) U&ilU,^) < (J VixyiA^awA + C\c \\B\\2B'r 1+1/q + C\<t 1 \\2B , \ 1 '«. 
By (4.12) and (4.13) only the first summand needs to be estimated. Observe that 

I A-Vx)| < j B |x - y?-"Wy)\ <ly < { gj^, |[ £ I »| < * } < 0|« - rf"" 
Therefore, by using Lemma 2.2, we get 

||&1IIl9(r«) < c 

and (4.14) follows, which finishes Case 2 and the proof of (4.2). 
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In order to finish the proof of Theorem 1.5 it remains to prove that 
(4-16) < C\\u;f\\ Hi (Rn) . 

In virtue of Theorem 1.3 the inequality (4.16) is equivalent to 
(4-17) || (/ - VL- 1 ) (g/u) \\ Hkm < C\\g\\ H i Am . 

Assume that a is an ff^(IR n )-atom (see (4.4)). Set b = (I - VL~ l )(a/uj). The proof will be 
finished if we have obtained that 

(4-18) WHh^) < C 



with C independent of atom a. By (4.1), we have 

b(x) dx = I a(x) dx = 0. 



Note that the proof of (4.5) only relies on estimates of |ro(x,y)| from above by C\x — y\ 2 ~ n . 
The same estimates hold for |r(x,y)|. Moreover, the weight 1/d has the same properties as 
uj, that is, boundedness from above and below by positive constants and the Holder condition. 
Therefore the proof of (4.18) follows by the same arguments. Details are omitted. □ 

5. Proof of Theorem 1.7 
By (2.1) we get a formula similar to (3.1). 
(5.1) K t -P t (I-VL- 1 ) = Q' t -Wl, 

where 

pt roc 

W[= \ P t ^ s VK s ds, Q' t = / P t VK s ds. 
Jo Jo 
Recall that for i = 1, ...,n we denote by <9j the derivative in the direction of i-th standard 
coordinate. For / £ L 1 (R n ) from (3.1) and (5.1) we get 

/ £ 1 dt f £l dt 

dtKti-j, - J BiP,{i - vl- i )j-j, = w i: j + ay + W if l + Q if l, 

All the operators above are well-defined and bounded on L 1 (M n ). By the theory of the 
classical Hardy spaces 7£a,i/ = lim^o diPtf-^ £ L 1 (M n ) for every i = l,...,ra, exactly 
when / 6 H^(M. n ). Moreover, 

n 

(5.3) ii/ii^(e«) ~ ii/Hl 1 ^") + ^2 n^A,i/iUi(R«)- 

i=l 

The subsequent four lemmas prove that the operators Qi >E , e , Wi je ,W- E converge strongly 
as e — > in the space of -L 1 (R n )-bounded operators. 

Lemma 5.4. For every i = l,...,n the operators Qi )£ converge as e — >■ is norm- operator 
topology. 
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Proof. The operators Q% e have the integral kernels 

re" 1 roc r ^ 

Q i>£ (x,y)= / / / diP t (x- z)V(z)K s (z,y)dzds—=. 

J2 Jt JR n VI 

The lemma will be proved when we have obtained 

sup / q ( i j \x,y)dx < C, 

y£R n JR n 

where 

Q ( f\x,y) = [°° [°° [ \d i P t (x-z)\V,(z)K s (z,y)dzds^ = 

J2 Jt JR n \t 

Since \diPt(x — z)\ < Ct~ 1 / 2 (p t {x — z) for some (f> G S(M. n ) we get 

I Q?(x,y)dx<C [ I" I" I t~ 1 / 2 (j )t (x-z)Vj(z)K s (z,y)dzd S ^=dx 

poo f'OO f' 

<C / / t- 1 V j (z)K s (z,y)dzdsdt 

y - ) roc roo r 

<c / / r 1 ~ £ v j {z) s - n/2+£ eM-\z-y\ 2 /^)dzdsdt 

J2 Jt jR n 



oo 



< C (J t- L ~ £ dtj ■ U Vj{z)\z - y\ 2 - n+2£ dzj < C, 

where in the last inequality we used Lemma 2.2 and C does not depend on y G W 1 . □ 

Lemma 5.6. For every i = 1, ...,« the operators Wi t£ converge as e — )• in norm-operator 
topology. 

Proof. The operators Wi j£ have the integral kernels 

VMx,y)=r ft d t (Pt-s(x-z)-P t (x-z))V(z)K s (z,y)dzds^. 

J2 JO JR n VI 

Set 

poo pt r jj. 

W\ j \x,y)= / / \d i (P t - s (x-z)-P t (x-z))\V j (z)K s (z,y)dzds^. 

J2 Jo JR n VI 
The lemma will be proved when we have obtained that 

(5.7) sup / W i i j \x,y)dx < C. 

For fixed y E K n and < (3 < 1, f3 will be determined later on, we write 

I ry n\ A? rlti ■ 

Vt 



00 pt f J J. 

W ( f\x,y)dx< I I I I \di(Pt-s(x-z)-P t (x- z))\V J {z)K s (z,y)dzds — dx 



i n J 2 Jo 
< I ...ds+ I ...ds = Ji + J 2 . 



Observe that there exists ip G 5(M n ), ip > such that for s G (0, t 13 ) and t > 2 we have 

di (P t - S (x) ~ P t (x)) < St- 3/ Vt(x). 
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Thus by using Lemma 2.2 we get 

P fOO pt@ /• 

J\ < J I I I st~ 2 il)t(x — z)Vj(z)K s (z,y) dz ds dt dx 

(5.8) 



2 JO 



<C t- 2+ ?dt- Vj{z)\z-yf- n dz <d. 



Note that if t > 2 and s G [tP,t] then K s (z) < Ct"^/ 2 exp(-|z| 2 /ct). Choosing < /3 < 1, (3 
close to 1, and applying Lemma 2.2 we obtain 



OO ft 



2 JtP 

OO ft 



ipt-s(x - z) ip t (x - z)\ dt 



J2< I I + , - jV j (z)K.(z,y)dzd8-^dx 



(5.9) <c r I I (((t- s)t)~ 1/2 + t- l )v j {z)r^ 2 ^ v {-\z-y\ 2 /ct)dzdsdt 

J2 JO Jr" ^ ' 

fOOr r 

<C / Vjiz^-^expi-lz-yf/c^dzdtKC Vj(z)\z - y\ 2 ~ Pn dz < C 2 . 



Notice that the constants C\ and C2 in (5.8) and (5.9) respectively do not depend on y £ R n . 
Thus (5.7) follows. □ 

Lemma 5.10. Fori = 1, ...,n the operators W ie converge as e — > in norm- operator topology. 

Proof. The operators E have the integral kernel 

Je Jo J«. n yt 
The lemma will be proved if we have shown that 

(5.11) sup / W\ j) '(x,y)dx <C, 

where 



W ( i jY (x,y)= III \d i P t . s (x-z)\V J (z)K s (z,y)dzds 
Jo Jo JR n 

Fix y G W n . Observe that 



dt 

Vt' 



W^'{x,y)dx< I I I I \diP t -s(x- z)\V J (z)K s (z,y)dzds^dx 
Jn. n Jo Jo Jr" Vt 

ft/2 ft 

< ...ds+ I ...ds = J 3 + J 4 . 

Jo Jt/2 

There exists ip £ S(R n ), tp > 0, such that 

h< I I ( ! I (t(t - s))- 1/2 ip t _ s (x - z)Vj(z)K s (z,y)dzdsdtdx 



l n JO Jo 
1-2 ft 



<C / / r 1 V j {z)K s (z,y)dzdsdt 
Jo Jo il™ 

< C I I t^Vjiz^z-y^expi-lz-yf/c^dzdt 



<C Vj ( z )\ z -yf-n dz+ V^lz-yf-^loglz-yWdz^Cs 

J\z-y\>l/2 J\z-y\<l/2 
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IT 



and 



2 ft 



Ja<C I I I I (t(t - s))-V 2 il>t- 8 {x - z)Vj(z)t -exp 



-n/2 



l n JO Jt/2 

< c C f' 2 [ (tsyWVjWt-"' 2 

Jo Jo Jr™ 

<C I Vj(z\ 



\z - y\ 
ct 



dz ds dt dx 



t~ n / 2 exp 



exp 

2 



\z - y\ 
ct 



dz ds dt 



\z-y 



dtdz<C / Vj(z)\z - yy n dz < C A 
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with constants C3 and C4 independent of y G M n . So we have obtained (5.11). 

Lemma 5.12. For i = 1, ...,n the operators Q' ie converge strongly as e — > 0. 

Proof. The kernels of Q[ e are given by 

dt 



□ 



Qi,ei x >y) 

For / G L 1 (R n ) we have 



2 /-OO 

e Jo 



Q!iJ{x) 



diP t (x - z)V(z)K s (z,y) dz ds 



a E (x,y)f(y)dy. 



Vt 



dt 



Note that Q' i£ (x,y) = H it£ * <p y (x), where 4> y {z) = V(z)Y(z,y) and H iiE (x) = J e diP t (x)-^. 

It follows from the theory of singular integrals operators that for g G L r (M n ), r > 1, the 
limits linie-^o H^ E * g{x) = Hig(x) exist for a.e. x and in L r (M n ) norm. Obviously, Hi are 
L r (M n )-bounded operators. Moreover, 



(5.13) 

Notice that for \z\ > 1/2 w have 
(5.14) 



sup \H it£ *g\ 
0<e<2 



L r (R n ) 



<C\\g\\ L r { 



sup \H i)£ (z)\ < C N \z\ 

0<e<2 



-N 



From (5.13) and (5.14) we deduce that if a is a function supported in a ball B(yo, R), R > 1/2, 
and IHI^-pgn) < t\B\~ 1+1 / t , r > 1, then 



(5.15) 



sup \Hi e * a\ 

0<e<2 



< Ct. 



Using Lemma 2.2 we get that for every y £ M. n the limit lim^o Q\ (x, y) = Q^(x,y) exists 
for a.e. x G W 1 . The lemma will be proved by using the Lebesque's dominated convergence 
theorem if we have established that: 



(5.16) 



sup / sup I Q'i £ (x, y)\ dx < C and 

ySK" Jw. n 0<e<2 



(5.17) lim / \Q' ie (x,y) — Q!i(x,y) \ dx = for every y. 

Jr™ 

For fixed y G W 1 let 

M z ) = 4>y(z)XB(y,2)(z), 4>k(z) = 4>y{ z )XB{y,2k)\B{y,2*-^){ z )i k > 2. 
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Then (j) y = X/fcLi0fc> where the series converges in L 1 (]R n ) and L r (M") norm for r slightly 
bigger than 1. Notice that supp^fc CB(y,2 fc ), ||<^i ||i/-(k») < C, and 

IWIW) = [ V 1 (z) r \z-y\^ r dz<2 k ^ r [ Vi{z) r dz 

J B( tf ,2*)\B( tf ,2*-i) JB{y,2 k ) 

(5.18) < C2 fc(2 ~ n)r 2 fc(n - ni) ||Vi||2r 9(Vl) 2 fcni/9 ' = c(2 k )- nr+n+2r ~ ni/q . 

Therefore, for q < m/2r such that Vi G L rq (Vi), we get 

(5-19) ||^||^(»») < C\B(y,2 k )\- 1+1 / r 2-°\ 

where a = n\/(qr) — 2 > 0. By using (5.15) combined with (5.19) we obtain 

JR n 0<e<2 JU n 0<£<2 

/ sup \H i<e (f> k (x)\dx 

JR n 0<e<2 



oo 

fc=l ' 



(5.20) <C^22- ak <C, 

k=l 

which implies (5.16), since the last constant C does not depend of y. Additionally (5.17) is a 
consequence of (5.16) and Lebesque's dominated convergence theorem. □ 

Now, Theorem 1.7 follows directly by applying (5.2), (5.3), and Theorem 1.3. 
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